I. INTRODUCTION
In a modern theory of quantum gravity (LQG) the Wilson loops play crucial role in the construction of the auxiliar Hilbert space. In the euclidean version kinematical space is given by H LQG = L 2 (X, dµ), where X is the space of classes of Ashtekar-Barbero-Immirzi connection up to gauge transformation of diffeomosphisms and local SO(3). Since the LQG works with partially solved gauge freedom only partial Dirac observables can be quantized on the space H LQG . This may produce several, perhaps hypothetical, problems like absence of the crucial geometrical and physically measurable objects like metric tensor, (co)frames, or curvature in a final picture. Of course they can not be represented on the physical Hilbert space given by solution of all constrains, but the question is whether such representation exists and if the answer is affirmative how it is related to the standard Lorentzian 1 loop approach. The construction of such representation is the key point of this article, the question of the relation with standard LQG is kept for future research at this moment, but if there is any relation with LQG, then one may expect that it should be found after solving spatial diffeomorphism plus Lorentz constrains.
The article is organizes as follows. In the section II the results of previous works 2, 3 are summarized. The point version of the phase space is quantized in the section IV. These results are used with help of ideas of von Neumann construction of infinity-dimensional tensorial product (summarized in section V) in construction of wanted representation in section VI.
II. PHASE SPACE OF EINSTEIN-CARTAN THEORY
Einstein-Cartan theory is a gauge theory where local Poincaré group plays a role of gauge symmetry 4, 5, 6 . Full configuration space of Einstein-Cartan theory is given by orthonormal coframe e a (a, b, . . . = 0, 1, 2, 3) and metric-compatible connectionÂ ab = −Â ba . The hat overÂ ab means that associated covariant derivative operatorD, is acting on the spacetime manifold M. Similar ford. "Hat-free" objects A ab , d, D are reserved for objects acting on the spatial section Σ. We are assuming that Σ is compact orientable manifold, e.g. torus, and variables e a andÂ ab are globally defined. The second assumption is motivated by the Geroch's condition 7 which guarantees the existence of the global spinor structure over the manifolf M. LetR a b be the curvature of the connectionD then action of the Einstein-Cartan theory can be written in the form
where κ is Newton's constant (c=1). We are using spatial negative signature of the metric, i.e.
(η ab ) = diag(+1, −1, −1, −1). Equations of the motion given by the action (1) are
where the torsion components are given bŷ
3-volume formsΣ
Equation (2) implies that connectionD is torsion-free and together with metricity ofD we have thatD is geometrical connection. Equations (3) are Einstein equations of General Relativity.
Let us summarize the results given by previous work 3 for the Dirac-Hamiltonian formulation.
(3+1)-decomposition of basic variables are given by expressions (α, β, . . . = 1, 2, 3 are spatial coordinate indices)
It is useful for our purposes to decompose even the vector frame e a into spatial and time parts
It should be noted that λ a η ab λ a . We hope that this notation is not confusing since if we need to in/de-crease indices then it will be explicitly written using metric tensor. Variables λ a , λ a , E a and E a are not independent and we can express vector coefficients by using the covectors via well known formula for inverse matrix
where
The Hamiltonian H is given by sum of the first class constraints
where N a , µ a , Λ ab play role of Lagrange multipliers, π a is a conjugate momentum to λ a , D is SO(η) connecion over Σ defined for all vector-forms v a via
and
Symplectic structure is given by Dirac brackets
where only the non-trivial brackets are explicitly written. We have used smeared variables in (14)
given by 
In addition let us assume that the orthonormal coframe e a is future and righthand oriented, then the configuration space is given by the infinity-dimensional manifold
where q = η ab E a ⊗ E b is a spatial metric tensor. The cotangent bundle T * Conf forms our phase space with symplectic structure given by (14).
Here our overview of classical results is finished and we can start to build the quantum formulation.
III. QUANTUM PRELIMINARIES
Before we start to construct Hilbert space of Einstein-Cartan theory let us focus our attention to the following simple excersice well known from the quantum mechanics of the particle moving on the half line. Canonical variables of this system are x and p, where x is a position of the particle on the half line x > 0 and p is its canonical momentum. We can naively represent them on
The operators ̺(x) and ̺(p) are symmetric but ̺(p) can not be extended into selfadjoint operator on H . In order to see this let us compute its deficiency indices n ε , where ε = ±1. Equations
is not square integrable function on R + .
Since n + = 1 and n − = 0 we have n + n − . Thus we can not construct the selfadjoint extenstion of the operator −i∂ x . Hence if one wants to describe the quantum particle on the half line then one has to choose different set of basic variables. The first observation is that R + is a group GL + (R).
Invariant measure on GL
hence the good candidate for the "momentum" operator is given by ̺(xp) = −ix∂ x . Indeed, the operator
and its deficiency indices are determined by the following equations
with solutions
0. Hence n + = n − = 0 and the operator ̺(xp) is essentially selfadjoint. The algebra of the basic variables is a space spanned on operators ̺(x), ̺(xp)
As we have seen on this simple exercise the choice of the basic variables plays the crucial role in the context of quantization. In the next section we will try to understand a point version of
Einstein-Cartan phase space.
IV. POINT ALGEBRA OF BASIC VARIABLES
Let us focus in this section on the introduction of a Hilbert space H x associated with an arbitrary point x in the spatial section Σ. We will define a point representation of the basic variables related to the canonical coordinates on the phase space T * Conf. Let us mention that all canonical variables
No derivatives, no complicated integrals or any kind of dislocation are presented, hence we can explore them in the single point
Before we start, we will introduce spacetime notation
Point version of cannonical momenta are given bỹ Thanks to the positivity of the determinant e we can see that conf ⊂ GL + (R 4 ) ≡ GL + , anyway the subset conf is not a group. Now we will try to construct a representation of the basic variables. Let us define a Hilbert space H x ≡ H as a space of square integrable functions over conf
where de e 4 is left/right-invariant 9 Haar's measure on the GL + , which is unique up to the multiplica- Let X ⊂ R n and dx be the Lebesgue measure on R n . If U(t) is one-parametric unitary group acting on the Hilbert space H = L 2 (X, gdx), where g ≥ 0 is locally integrable function on X, and if Φ t is a continuous flow on X associated with U(t), then U(t) is strongly continuous.
A proof of the statement is based on the fact that function I(t) : R → R, defined as
is continuous, where Φ t : X × R → X is continous mapping, K is compact subset of X and f is locally integrable function. It is sufficient to prove that (1 − U(t))ψ is continuous in t = 0 for all ψ ∈ D, where D is some dense subset in L 2 (X, gdx), since for any convergent sequence
The set of simple functions is dense in L 2 (X, gdx), hence for the general simple function
where m ∈ , f i are complex constants, K i ⊂ X are compacts and
what is continuous in t. Hence U(t) is strongly continuous. 
where (Λη) a b = Λ ac η cb and Λ ab = −Λ ba , then we have that e Λη (conf) ⊂ conf and even more the transformation (17) is continuous. We can define an operator
which is, thanks to the invariance of the measure de e 4 , unitary. Let Λ ab be arbitrary, but fixed, then
is the one-parametric strongly continuous unitary group and, due to the Stone's theorem, we have that its generator is a selfadjoint operator. We have fixed arbitrary Λ ab , hence we have for every Λ ab its own generator. Λ ab has six degrees of freedom, thus there are six independent generators L ab and we can write
is the set of all ∞-times differentiable functions with compact support on conf, which is dense in H , then we can use Taylor expansion 
K t is a support of o(t, e a µ ) in conf for given t. Since the closure of ∪ |t|<δ {t} × K t is compact in R × conf we have that closureK δ is also compact in conf. Now we can compute the generator
If we use expansion (19), then we have
Thus we have as a final conclusion that the operator L(Λ ab ), given by previous expression, with 
then the unitary group corresponding to this flow is
whereē is a determinant of transformed variables λ a , E a . The corresponding selfadjoint generator is given by
The Lorentz action on E a α via flow
gives unitary group
whereē is again a determinant of transformed variables. The generator is
Let us compare these results with (20), we can see that
ab play an important role, since, as we will see in a while, their classical analogues can be used as coordinates on the phase space.
Lorentz group does not change lengths of the vectors, while ∂ t can be arbitrary long. We need to cover this feature of ∂ t . Let us define a following transformation
Let U π (N) be its unitary operator defined via
and its selfadjoint generator is
A final transformation acting on the space conf is given by group GL + (R 3 ) ≡ GL +3 acting on the spatial indices α. Let θ α β be an arbitrary real matrix, then the transformation given by
represents the change of spatial frame ∂ α → (e θ ) β α ∂ β . Since the transformation does not change a signature of q αβ = η ab E a α E b β , we have that e θ conf ⊂ conf and operators 
Let us summarize our situation. We have constructed family of unitary transformations with actions in the space conf. Now it is a time to find classical variables associated with their generators.
Let us focus on the last four families of the generators. We have
Quantum commutators and their classical analogues are
As we can see we have constructed a selfadjoint representation of the variables on the space
The question is whether these variables seperate points of the phase space. Now, we will show that the answer is affirmative. The variables λ a , E a are clear, so let us turn our
As we can see, we can invert these equations and we can express canonical momenta π a , G 
V. TENSOR PRODUCT HILBERT SPACE
In the previous section we have constructed the Hilbert space H x associated with the point
, where e = de e 4 and x means that it is taken at the point x. A main goal of this section is to briefly summarize ideas of von Neumann's article on tensor product of family of Hilbert spaces labeled by index set of arbitrary cardinality (details can be found in 10 ). In our case we can formally write
We have a set {H x } x∈Σ of Hilbert spaces's labeled by points of Σ. A sequence of the states {ψ x } x∈Σ belongs to the Cartesian product H × Σ = × x∈Σ H x , but this space is too large, we need to pick up a certain subset of H × Σ . Let us call {ψ x } x∈Σ a C-sequence iff a product
converges. Let C Σ = {{ψ x } x∈Σ : C-sequence} be a set of all C-sequences. A value of the product limit (29) can be positive or zero. We need some criteria for convergence of such limits. They can be found in ( 10 ). 
End of citation.
The reason why we need a notion of quasi-convergence is that if {ψ x } x∈Σ , {φ x } x∈Σ ∈ C Σ then product x∈Σ ψ x |π x x is only quasi-convergent in general. Now we can define a functional ψ Σ associated with {ψ x } x∈Σ on the set C Σ of all C-sequences as
where {φ x } x∈Σ ∈ C Σ and product is taken in the sence of quasi-convergence. It should be noted that ψ Σ = 0 does not imply that {ψ x = 0} x∈Σ , e.g. for C-sequence {ψ x 0 = 0, {ψ x } x∈Σ\{x 0 } } its associated functional vanishes on whole C Σ . Let us define a complex linear space H 0 Σ of such functionals, where
We can define an inner product on H 0 Σ as follows
The closure H Σ = H 0 Σ in the topology defined via inner product (30) is a Hilbert space and we call it as a tensor product of the sequence {H x } x∈Σ
We wish to characterize the space H Σ is some way. In order to do so we need to introduce a notion of C 0 -sequence and classes of equivalence on them. A sequence {ψ x } x∈Σ is a C 0 -sequence iff x∈Σ ψ x x − 1 converges. Every C 0 -sequence is a C-sequence and every C-sequence {ψ x } x∈Σ is a C 0 -sequence iff its functional ψ Σ 0. We will say that two C 0 -sequences are equivalent {ψ x } x∈Σ ∼ {φ x } x∈Σ iff x∈Σ ψ x |φ x x − 1 converges, what is equivalent to the mutual convergence of both series x∈Σ ψ x −φ x 2 , x∈Σ ℑ( ψ x |φ x x ) , where ℑ(z) is the imaginary part of z. Hence we see immediately that if {ψ x } x∈Σ , {φ x } x∈Σ differ in finite number of points of Σ then they are equivalent.
Let us label equivalence classes by γ and a set of all equivalence classes on H Σ by C(H Σ ).
Now we can finish this bries summary of 10 with the following statement. If two C 0 -sequences
and ψ Σ |φ Σ = 0 then there exists x 0 where ψ x 0 |φ x 0 x 0 = 0. Hence we see that H Σ can be decomposed as
where H γ is a Hilbert space associated with γ.
We will use a following example later. Let K Σ = {K x } x∈Σ be sequence of compact sets where
Let us define a sets of all sequences of compact sets with unit measure as
We can associate with
We will use a notation e = (e a µ ),
If we suppose that for ∀x ∈ σ exists an open neighbourhood of e x ∈ U x with property U x ⊂ K x \ K ′ x and e x (U x ) > δ ∈ (0, 1) and σ is not a finite set then
VI. QUANTUM ALGEBRA OF BASIC VARIABLES
Now it is time to construct a representation of the basic variables of the Einstein-Cartan theory.
Inspired by the point version of the phase space we will not work with canonical variables, but we will construct a representation of the following variables
where θ(E a ) = E a α θ α β dx β , with similar algebra as in the point version (trivial brackets are not written)
Before we start to costruct a representation of this algebra, we need to discuss properties of a certain family of operators. Let A x be a selfadjoint operator with action on H x with dense domain D(A x ). We wish to represent it on the space H Σ . Since
where ψ Σ is C-sequence, defines an unitary operator on whole H Σ , which is strongly continuous at t. U Σ (t) determines a generator A Σ associated with it and
is essentially selfadjoint and acts on C-
Let us start with variables
. Both of them are acting on the space H x , hence we can represent them via previous construction on the space H Σ by formula
We have used the actions of the groups SO + (η) for λ a , SO + (η) for E a , R + and GL +3 on the space conf. Now, we wish to generalize this idea to Einstein-Cartan theory. Let G x be one, same
for all x, of the previous groups acting on the space conf x and let Φ Let K Σ ∈ J 1 (Conf) be a constant sequence of compact sets, i.e. ∀x K x = K, and let Φ x t = Φ t for ∀x ∈ σ ⊂ Σ and Φ x t = id for ∀x ∈ Σ \ σ. Let us explore an expression
It is clear by definition, that u(0) = 0. Let t 0, then we can write
The last two terms are zero in the case when σ is not finite due to the arguments from the end of the previous section. Hence we have, as a consequence, that operator U Σ (t) is not strongly continuous in the general case. Therefore there does not exist selfadjoint generator of U Σ (t) in the general case.
What we can do is to explore the case when the group G Σ acts on Conf nontrivially only on some finite subset σ ⊂ Σ. Let us start with σ = {x}. This case were explored few rows above and point generators T x of such action were found in section 2.2. Generalization to the case when σ = {x 1 , . . . , x n } is clear and the resulting generator is T σ = x∈Σ T x . Now we can write explicitly the generators of our groups acting on the Conf. They are
where N(x), Λ ab (x), θ β α (x) has support on a finite set. Commutator algebra of basic quantum observables is generated by
Hence we see that we found representation of classical variables of Einstein-Cartan theory.
Really? This statement needs some additional explanation. The first thing which should be taken into account is given by the fact that on classical level we were working with smooth vari-
as is usual. Since on the quantum level we were looking for representation by von Neumann infinity-dimensional tensor product of point Hilbert spaces where all points are independend the space Conf is no longer space of smooth variables but rather the space of cartesian product Conf = × x∈Σ conf x . Tangent space T e Conf in e ∈ Conf is isomorphic to F(Σ,
what is the space of all function on Σ valued in R 4×4 . Space Conf and F(Σ, R 4×4 ) are equipped with standard Tychonov topology. Its topological dual F * (Σ, R 4×4 ) is given by linear mappings
where α µ a (x) has support on finite subset of Σ. We can write formally instead of (35) a following expression
where α a = 
Now, let us explore a reducibility of this representation. As we already know, the space H Σ can be decomposed into the mutually orthogonal subspaces labeled by classes of equivalences of C 0 -sequences C(H Σ ). Our representation does not mix this decomposition hence it is reducible. 
VII. COMMENTS
We have defined a point version of the phase space of Einstein-Cartan theory. Basic variables of the point phase space were successfully quantized. These results were used for construction of field variables representation via von Neumann construction of infinity dimensional tensor product of point Hilbert spaces.
The problem of the presented construction lies in the fact, that the canonical momenta G a does not transform as a tensor under local Lorentz transformation since it is linear funcional of connection potential A ab . Dirac bracket between G a and Lorentz generator L (E) generates the tensor type transformation on G a . In other words Lorentz transformation generated by L (E) is not physical transformation but rather only the transformation on the absract phase space. The way how to go throught this obstacle is to find a tensorial canonical momentum let say P a . In the second paper of the miniseries started by work 3 will be shown know how looks the physical Lorentz generators. They are given by torsion contrains T ab , which can be formally written as
The basic idea of construction of tensorial momenta is to find it in a form P ∼ AdE + G, where A depends only on λ, E.
